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The energy expression and its derivatives have been derived in the paired
orbital (PO) method. Several relations have been derived for the values of
the basic functions at the Hartree-Fock limit. These relations permit to draw
conclusions about the behavior of the energy expression as a function of the
nonlinear parameters around this limit point and it shows that one can expect
an improvement in energy as compared to the Hartree-Fock value using the
nonlinear parameters as variational parameters.
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1. Introduction

The paired orbital method (PO) [1, 2] is a variant of the different orbitals for
different spins (DODS) approach, introduced by Léwdin [3]. It can be considered
as a generalization of the alternant molecular orbital (AMO) method [4-6]. In
the AMO method one uses the alternancy symmetry {7, 8], the PO method is
valid for any system. The general philosophy of the method was presented in a
previous paper [2].
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The goal of the present paper is to consider the energy expression and its
derivatives with respect to the nonlinear parameters. The derivatives of the energy
are needed when we minimize the energy with respect to these parameters using
standard optimization techniques which require analytical expressions for the
first and second derivatives of the energy.

After an outline of the basis of the PO method the general energy expression is
considered. Next the derivatives are presented and the derivatives of the symmetric
sums are obtained. The latter play a central part in these expressions. These
quantities are evaluated explicitly for the Hartree-Fock limit (single determinant
with doubly occupied orbitals). The knowledge of these quantities allows to draw
conclusions about the behavior of the energy as a function of the nonlinear
parameters around the Hartree-Fock limit (Taylor expansion of the energy).

2. The PO methol
The wavefunction is of the DODS form:
V=NAgDPOa(1) - - a(n)B(n+1)--- B(12n), (1)

where « is the antisymmetrizer, N is a normalization constant and O is the spin
projection operator. We shall consider the case of even number of electrons
(N =2n), and the singlet states (¥=0). ® is a spatial (freeon) wavefunction
which is a product of orbitals:

O=u (1) u,(mov(nt+1): - 0,(2n). (2)
The PO method is obtained when u; and v, are formed from a set of orthogonal
orbitals in the following way:

w;=cos O, +sin O4p, and v, = cos Gap; —sin O, (3)

where ; (i=1,...,n) is a doubly occupied orbital of the conventional single
determinant (Hartree-Fock) wavefunction, and ¢; is a virtual orbital with which
it is paired. For the AMO method the pairing was dictated by the alternancy
symmetry [7, 8]. For a general system the pairing is obtained [2] by maximizing
the sum:

C= ; (ii | i'1"). (4)

The algorithm for obtaining the paired orbitals is described in [2]. The ; are
chosen as localized orbitals, and the ¢,’s occupy the same region of space as
their partners. The ¢;’s are also localized.

3. The paired orbital energy expression

In [2] we have presented the energy expression for the PO method. Since we
need the derivatives we shall repeat the main points. Let us introduce the overlap
integral between the u;, and v;:

(u;| vy = A; = cos 26,. (5)
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There are three important functions of the A; which appear in the energy
expression:

Ay='S (“DC(S, K)Su(xrse %), (g=0,1,2), ©)

where x; = A7, C(S, k) are the spin projection (Sanibel) coefficients [9]. For the
singlet state they are given as follows:

c(s, k)=(—1)k<Z)/(n+l), )

and S,(xy,...,x,) (abbreviated as S;) is the kth symmetric sum formed from
Xiyonnn Xnt

SO = 1,
S;=x+-+x,,
n (8)
S,=% XiXj,
i<j
Sp=2x " X,
Ay is the normalization integral:
Ao= (W] Wo). (9)

Let us divide the energy expression into two parts. The first one corresponds to
the one-electron operators in the Hamiltonian (kinetic energy and nuclear-
electron attraction), the second one to the two-electron operators (electron-
electron repulsion). The one-electron part is:

E,=E,+ (Elb/AO)

= é] wi—Ag' él Aw,-)\ia;ii(A1+A0). (10)
Here
wi=hi+h.,  Aw;=h.—h, (11)
and
h; = J v¥hy; du, hy= J WEhy, dv, (12)

i.e. they are the diagonal elements of the one-electron Hamiltonian over the
occupied localized orbitals and their virtual pairs, respectively.

The two-electron part reads as follows:

Ey=(Esa+ Epp+ Exc)Aq’, (13)
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where
Eso= Y [Awyat+ Aviyver— Bivie — Ciéil, (14)
i=1
RE~)
Eye=-% Z(i,j). (16)
i<j

I'(i, j), A(i, j), and Z (i, j) are defined as follows:

T(i, j) =Tyyy +Tyvs+ Tyt Ligrvey (17)
A(l, J) = Aqﬁy + A,]'SU""' A,-rjﬁi:j + Ai'j'(si'ji', (18)
Z(i,j) =Zij§ij+sz'§ij'~ (19)

The basic two electron integrals vy, 8;, and {; are respectively the coulomb,
exchange and a new kind of integral which is characteristic of the AMO and PO
methods:

vy = (i), 8y = (ij|ji), 4 = (i [j1). (20)
The A(#) dependent factors in Eqs: (14-19) are given as follows:

d

Aii:(1/4)(1+)‘i)25;(A1+A0): (21)
0

Api= (1/4)(1 —/\i)z ;;(Al +Ao), (22)

d
B =(1/2)1-A]) (A= Ao), (23)
2 0
Ciz(l—)\i)_"Ala (24)
9X;
Z,=sin 26, sin 26;(a+b)—(1/4) sin 46, sin 46,(b+ c), (27)
Z; =sin 26, sin 26;(a + b) +(1/4) sin 46; sin 46,(b + ¢), (28)
where
2 2 2
a= 9 Az, b= 9 Al} c= 9 Ao. (29)
0x; 3%; 0X; 9%; 8x; 9x;

From the expressions in Egs. (25-26) one obtains the corresponding factors
involving i’ and/or j' by reversing the sign of the A, and/or A;.
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4. The derivatives of the symmetric sums

In Sect. 3 we have seen that the symmetric sums and the A, play a central role
in the PO energy expression. The key point in forming the derivatives of the
energy will be to obtain expressions for the derivatives of the symmetric sums
and the basic functions A,’s. We shall also need the derivatives for the special
case when all the A;=1.

Consider first the derivatives of S:

8S. .
—_k::S(k~1)(x1)"'sxn)‘ (30)
ax;

The symmetric sum S, is linear in x;, the derivative consists of k—1 factors

formed from x;,. .., X;—1), XG+1), - - - » Xo- The same expression is obtained if we
omit from the S(;_;, the terms which contain Xx;:
35k a
— =81, — X~ Sk_1)- 31
o, DU T XS0 (31)

Using Eq. (31) iteratively we arrive at the following result:

aSk k! r r
— =Y (=1)'Sq_1-nxi. (32)
axi r=0
The second derivative of S, with respect to x; is zero. Next consider the mixed
second derivative of Si:

& k-1 3
S, = —1) — 8 _1_.X]
ax; ox; Eo( )axj et
k-2 k—2—r
=Y ¥ (1) S, xix;. (33)
r=0 s=0

Denote r+s =1t and change the order of summation:

82 k-2 , t
S, = 1S, ,_, TxiTT.
6%, 0, k EO( Y Sk on X (34)
Define:
t
P(x,, xj) =) x?x]t'_r- (35)
r=0
Now the final result reads as follows:
52 k=2 ;
Sc= - —o— 5 ( Xiy X )
prapeel ZO( 1)'Si - Pi(x:, x;) (36)

The result can be generalized. Let us introduce:

P(xy,..,x)=Y--Xxp-xl, (it +j=1). (37)

J1 Ji
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It is easy to see that the Ith derivative of S, is given as follows:

EL k~1 I
3351 Ce X Sk = 1§0 (—1) Sk—lfrPr(xh ey x,). (38)

These are the only expressions needed for the derivatives of the A,’s.

5. The values of the derivatives for A; =1 .

Consider the special case when all 6, =0 (or A; =1). We shall denote this point
in the parameter space by 0. The value of the symmetric sum is given as:

(s00=(}) (9)

We shall need a number of identities for the sums of the binomial coefficients.
In Egs. (40)-(42) we list those which will be used later:

S0 )
L)) @
L)) @
We shall show first that the value of P, at 0 is given as follows:
P,(xl,...,x,)():(”lr:l). (43)

It is easy to obtain the value of P,(x;, x,)o:

! t+1
P (x,, x2)0=( X xy{x,t'_r) :( 1 ) =t+1. (44)
r=0

0
We prove the validity of (43) in an inductive way. Equation (44) shows that the
relation is valid for I=2. Assume that it is valid up to I, then we show that it is
valid to (I+1).

1

Pt(xla"-axla xH—l): Z Pr(xl""axl)x;:;' (45)

r=0
For all x; =1 we have:
fr—1+1 t+1
P(xy,. .., X1)0= X < ):< ) (46)
» r=0 l'_l l

Here we have used the binomial identity (40). In the next step we show that the
Ith derivative of S, is given by the following expression:

' n—1I
(Bxl cerox Sk)o.;(k‘l)' (47)
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In order to prove the validity of (47), let us use Egs. (38) and (43):

o' k-1 d n t+1-1
(ax1~--axlsk>0:t§o(_l) (k—l—t)( -1 ) (48)

Using the binomial identity (41), we obtain (47).

Finally we consider the derivatives of the A,’s at 0. We shall prove that it is given
by a very simple expression:

3 1 (1\"
_ A | =— ; 49
<6x1"-ax, q)o l+1<q> ( )
In the proof we shall start with the definition of the A, (Eq. (6)) and use Eq. (47):
3’ 1 =9 /n\""(n-1I
—A,) = .
(axl Cax ">o n+1 kgo(k) (k—l> 50

After some simple algebraic manipulations we obtain:

3’ C(n=Di=g)lgince( k \(n—-k\ 1 (I\
(axl'--amA")o— (n+1)! k§0<l_Q)< q >_l+1<q) - G

In the last step we used the binomial identity (42). It is quite remarkable that
the final result is independent of n.

6. The derivatives of the energy with respect to the 8,’s

Let us write the energy expression in the following form:

E=E,,+Ao'E,=E,+f(A)+g(8), (53)
where
JA) =AY (Eyp+ Esq+ Eyp) = Ay ' Ep, g(6)=Ag'E;.. (54)

We shall see in the following that it is important to take the derivatives with
respect to the 6,’s in spite of the fact that the dominant part of the energy (E;,/A,)
can be expressed as a functions of the A;’s. The reason is that (E,./A,) is not
analytic in the A;’s around the point 0.

As a first step evaluate the derivatives of A,:

oA A oA

30-?=—2 sinzeiai—%—z sin 40,;;0. (55)
From Eq. (55) we obtain the second derivatives:

9 Ao , , ¥ Ao

=4 sin 40, sin 46; ,

96, 39, ) S o, Ox; (56)
and

3’ Ay dAo

502 =—8 cos 40,-—8x—i. (57)

Observe that §°A,/dx*=0.
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At the point 0 the values of these derivatives are given as follows: from Eq. (51)
one obtains:

o)
(E)O =1/2. (58)

Substituting these values into Egs. (55)-(57) we have:

aAO) ( 9Aq ) (62A0>
~a.) =0 =0 =4,
(ae,- o 96,06,/ 3602/, (59)

The general expression for the derivatives of the energy with respect to 6,’s is
obtained from Eq. (53) as follows:

2. 0y

—= -~ Ay E, . 60

20, M g, M BT, (60)
Using Eq. (54) one obtains:

oE dE,, 4E,, o aA,

—= gl[—z sin 26, — +——2] +A5%2sin 46,—E,. (61)

06, A, a6; 9x;

In order to investigate the behavior of the energy around the point 0, let us
consider separately dE,./80;. It is evident from Eq. (61) that the other terms
vanish at this point. The essential part in 4 E,./d90; is the expression:

Z; A+ A
92y ”:——axkl:sin20,» sin26j——a< 2 1)
36, 96, ax; axj 0xy
i i 33(A0+A1)]
—(1/4 40, 4,——— |, k#1 . 62
(1/4) sin 46, sin 46, ox, 0% 6%, ij (62)

The corresponding expression for Z; is obtained by changing the sign of the
second term. It is easy to see that for all 8, = 0 both expressions vanish. The same
is true for 9Z; /86, and 9Zy./86,. The final conclusion is that 0 is an extremum
point for the energy as a function of the 6;’s.

The nature of the extremum can be investigated considering the second deriva-
tives. From Eq. (60) one obtains:

#®E  _,3E _ aA0<aE _ A, . 9

— = Ay - 2A — ==~ E.A;'— )| —A’E, . 63

307 0 96° ® 30, \ a6, ° 30, Y (63)
Using Eq. (59) and the fact that (Aq)o= 1 one obtains:

&*E &’E,

(£9),-(28) .

Using the explicit form of E, and the results obtained in Sects. 4-5 one obtains
finally a remarkably simple end result for the second derivatives at the point 0:

*E 8*E )
— ] =—48;, =—4f;.. 65
(ao?)o (aoiaej o i (63)
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The essential point is that all the elements of the Hessian matrix are negatives,
and thus, if we vary the 6,’s around the Hartree-Fock limit we shall certainly be
able to make improvement in the energy.

7. Discussion

The essential results of the paper are contained in Sects. 4 and 5. By using these
results one can obtain the derivatives of the energy expression with respect to
the nonlinear parameters (6,’s). It was especially interesting to obtain the value
of the first and second derivatives at the Hartree-Fock limit.
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